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Summary. Given a set of longitudinal data pertaining to two populations, a
question of interest is the following: Which population has experienced a
greater extent of income mobility? The aim of the present paper is to develop
a systematic way of answering this question. We ®rst put forth four axioms
for income movement-mobility indices, and show that a familiar class of
measures is characterized by these axioms. An unambiguous (partial) or-
dering is then de®ned as the intersection of the (complete) orderings induced
by the mobility measures which belong to the characterized class; a trans-
formation of income distributions is ``more mobile'' than another if, and only
if, the former is ranked higher than the latter for all mobility measures which
satisfy our axioms. Unfortunately, our mobility ordering depends on a pa-
rameter, and therefore, it is not readily apparent how one can apply it to
panel data directly. In the second part of the paper, therefore, we derive
several sets of parameter-free necessary and su�cient conditions which allow
one to use the proposed mobility ordering in making unambiguous income
mobility comparisons in practice.

JEL Classi®cation Numbers: D31, D63.

1 Introduction

Suppose we have observed the evolution of the income distributions of two
di�erent populations through time. Let us also assume that we have panel
data at hand so that the individual income changes in both populations are
known. One of the interesting questions that can be asked with such givens is
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the following: Which one of these populations has experienced a greater
degree of income mobility?

This question has attracted numerous economists, and a number of
methods to study the basic measurement problem have appeared in the lit-
erature. (See Fields and Ok, 1996a, for a recent survey.) Unfortunately, it
seems fair to say that the related literature falls short of providing a uni®ed
way of measuring income mobility. This is, of course, in sharp contrast with
the structurally similar problem of the measurement of income inequality
where, in the light of several studies that followed the seminal contributions
of Kolm (1969) and Atkinson (1970), the implementation of the (relative)
Lorenz ordering emerged as a unifying theme.

The usual practice of income mobility measurement is by way of em-
ploying certain (descriptive) mobility indicators (like rank correlation, im-
mobility ratio, average jump in rank, Hart's index, Maasoumi-Zandvakili
index and Shorrocks' index).1 However, more often than not, the used
measures are not axiomatically examined; the generic approach is indeed
remarked as being rather ad hoc (Cowell, 1985). Moreover, there does not
exist a (descriptive) partial ordering (reminiscent of the Lorenz ordering)
which lets us unambiguously rank transformations of income distributions
on the basis of their mobility content. In this paper, therefore, we aim to
supplement the existing theory of income mobility measurement both by
axiomatically characterizing a class of (absolute) income mobility indices and
by using this class to propose a partial mobility ordering which would allow
us to make unambiguous income mobility comparisons.

Let us ®rst clarify what we mean by ``income mobility'' in this paper.
There are (at least) two distinct interpretations of the notion of income
mobility (Bartholomew, 1982, pp. 24±30). The ®rst is based on the notion of
temporal independence as a proxy for the ``equality of opportunity'' concept
(i.e., the extent to which personal characteristics rather than parental back-
ground determine monetary payo�s). By its very nature, however, such an
interpretation of mobility requires an intergenerational setting. In an in-
tragenerational framework, on the other hand, the second interpretation of
income mobility, namely, the aggregate income movements (or the notion of
distributional change) becomes more relevant.2 In this paper, we shall focus
on this latter interpretation which is clearly linked to the important welfare
criterion of ``lifetime income equality''. By income mobility, therefore, we
mean here the amount of movement involved in a given evolution of a par-
ticular income distribution. [Consequently, while our study parallels King
(1983) and Cowell (1985) it is conceptually distinct from the mobility ana-
lyses of Shorrocks (1978) and Dardanoni (1993).] Having this interpretation
in mind, we imagine a situation where an income distribution transforms to

1 See Schiller (1977), Lillard and Willis (1978), Maasoumi and Zandvakili (1986) and Shorrocks

(1978).
2 See Fields and Ok (1996a) for a detailed discussion and comparison of these two aspects of

mobility.
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another and where we can identify the individual income changes. In such a
context, by a measure of income mobility, we simply mean a method of
aggregating the observed personal income di�erentials.

The ®rst part of our analysis proceeds by postulating four axioms which
appear quite reasonable to posit on an (absolute) income mobility measure.
It is shown that these axioms characterize a rather familiar class of mobility
(distributional change) indices. A generic member of this characterized class,
Dn, is necessarily of the form

Dn�x; y� � c
Xn

k�1
xk ÿ ykj ja

 !1=a

for some c > 0 and a � 1 :

Dn�x; y� is thought of as the total amount of absolute mobility observed in
the process of ``going'' from the income distribution x 2 Rn

� to the income
distribution y 2 Rn

�:
3 As long as one ®nds our axioms appealing, therefore,

(s)he would conclude that the process where an n-tuple x becomes y (denoted
as x! y) exhibits ``more income mobility'' than the process where an n-tuple z
becomes w �z! w� wheneverXn

k�1
xk ÿ ykj ja�

Xn

k�1
zk ÿ wkj ja for a certain choice of a � 1 :

Although this may be thought of as an interesting observation on its own
right, we must note that the problem of ordinally comparing the levels of the
absolute income mobility involved in x! y and z! w is not yet resolved, for
the question remains: Which a value should one use?

There is, of course, a trivial way of overcoming the ambiguity sur-
rounding the choice of the parameter a, namely, to demand the support of all
a � 1 values. This amounts to de®ning a partial ordering which lets us
conclude unambiguously (with respect to the choice of a) that x! y involves
more absolute income mobility than z! w if, and only if,Xn

k�1
xk ÿ ykj ja�

Xn

k�1
zk ÿ wkj ja for all a � 1 :4

Given our axiomatic characterization, this partial ordering emerges as a
useful (absolute) mobility ordering allowing us to rank transformations of

3 When we say x � �x1; . . . ; xn� 2 Rn
� goes to (or becomes) y � �y1; . . . ; yn� 2 Rn

�, we mean that

the kth person's income has changed from xk to yk , k � 1; . . . ; n; in the time period considered.
4 This approach is quite similar to that of the theory of income inequality measurement where

S-concave inequality indices are obtained as the class of all ``reasonable'' inequality indices, and

the problem of which S-concave index to use is partially resolved by demanding the agreement of

all S-concave inequality measures. (Of course, this, in turn, lead us to the celebrated Lorenz

ordering.) An analogous approach is also followed in Dardanoni (1993) where an interesting

partial ordering of transition matrices in a Markovian model of social mobility is derived.
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income distributions (according to their (descriptive) movement content) in a
convincing way.

The problem is, of course, that such a partial ordering gives a continuous
reference to the parameter a, and this makes it practically impossible to rank
transformations x! y and z! w (except in trivial cases like z � w�: The
second part of our analysis is, therefore, devoted to determining parameter-
free sets of (distinct) necessary and su�cient conditions for this ordering to
be applicable. Although a parameter-free characterization of our mobility
ordering does not seem to be within reach at present, we ®nd that it is
possible to obtain a number of interesting super- and subrelations of it
(which are de®ned in a parameter-free manner�. To illustrate, consider the
hypothetical 3-person transformations reported in the following table:

By virtue of our necessity results (which provide us with certain superrela-
tions of our mobility ordering), we are able to conclude that process I cannot
be compared with any other process depicted above on the basis of an axi-
omatic approach. On the other hand, our su�ciency results enable us to
unambiguously order the rest of the transformations reported above:
Process II is ``more mobile'' than process III, process III is ``more mobile''
than process IV and so on. This example demonstrates that although it does
not solve the problem at hand completely, the present development may still
be useful in making unambiguous mobility comparisons between transfor-
mations of income distributions in some situations that may well arise in
practice.

The paper is organized as follows. In Section 2, we introduce four
properties which seem quite reasonable for an (absolute) total income mo-
bility measure to satisfy. In this section, we also provide a characterization of
the class of mobility measures that satisfy these four axioms. Section 3 de-
®nes our absolute income mobility ordering: an income distribution trans-
formation is ``more mobile'' than another whenever all mobility measures
that satisfy our axioms rank the former transformation higher than the
latter. In Section 4 we derive a number of simple but useful necessary con-
ditions which allow us to detect if our partial ordering fails to rank two given
transformations. Section 5 deals with the converse question by obtaining
several su�ciency conditions. These conditions are easy to check, and thus,
they may turn out useful in empirical applications. Section 6 presents our
concluding comments.

Process Personal income changes

I. �100; 40; 80� ! �100; 591; 80� (0, 551, 0)

II. �40; 400; 650� ! �590; 300; 750� (550, 100, 100)

III. �100; 20; 500� ! �615; 93; 573� (515, 73, 73)

IV. �440; 440; 30� ! �360; 950; 100� (80, 510, 70)

V. �670; 70; 100� ! �170; 170; 80� (500, 100, 20)

VI. �80; 600; 175� ! �160; 180; 115� (80, 420, 60)
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2 A class of income mobility measures

We consider Rn
� as the space of all income distributions with population

n � 1: Thus, x � �x1; . . . ; xn� 2 Rn
� represents an income distribution where

xk is the level of income of the kth individual at a given point in time.
Suppose that the kth agent's income has changed to yk; k 2 f1; . . . ; ng, or
equivalently, that x evolves to y 2 Rn

� in a given amount of time. We shall
denote this transformation by x! y. As noted in Fields and Ok (1996),
asking how much mobility has taken place in this process might be rephrased
as how much ``apart'' x and y have become for an appropriate distance
function Dn�:; :� on Rn

�:
5 With this interpretation in mind, we view Dn�x; y� as

the (cardinal) level of total absolute income mobility that is observed in x! y.
The question is the following: What sort of distance functions Dn on Rn

� are
appealing as a measure of total absolute income mobility? In what follows,
we shall attempt to answer this question by using the axiomatic method.

Before proceeding to introduce our axioms, we emphasize that Dn is here
interpreted as a measure of total income mobility in a population of n in-
dividuals. In other words, we wish Dn to never record a decrease in mobility
if we include an additional person into the population who has experienced a
positive income change in the time period under consideration. But this
interpretation entails that the said measure cannot be considered as suitable
in comparing the income mobilities of two populations of di�erent sizes. This
is, however, not a serious problem, for once one is convinced that Dn is a
proper measure of total mobility for populations of size n; all we need to do
is to use the per capita version of Dn which is naturally de®ned as

Mn�x; y� :� Dn�x; y�
n

for all x; y 2 Rn
��; n � 1 :

When the sizes of the groups being analyzed vary, therefore, using Mn (as
opposed to Dn) to make mobility comparisons is in nature of things. (The
analogy with the familiar notions of total GNP and per capita GNP should
be clear.) The task before us is thus discovering the acceptable form of Dn as
a total measure of income mobility; this will readily provide us with a per
capita measure.

Let Dn denote the class of all distance functions on Rn
�, n � 1. Our ®rst

axiom reads as
Axiom LH: (Linear Homogeneity) Let Dn 2 Dn; n � 1: For all x; y 2 Rn

�
and k > 0;

Dn�kx; ky� � kDn�x; y� :
In words, Axiom LH states that an equiproportional change in all income

levels (both in the initial and ®nal distributions) results in exactly the same

5 See Dagum (1980), Ebert (1984) and Chakravarty and Dutta (1987) for a similar approach in

the context of income inequality measurement. As noted earlier, the framework of Cowell (1985)

where the measurement of distributional change is axiomatically studied is certainly very close to

that of ours.
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percentage change in the mobility measure, or put succinctly, Dn is scale
dependent.

It must be clear that if Dn 2 Dn satis®es Axiom LH, then it can only
qualify for an absolute mobility measure as opposed to a relative mobility
measure which must, by de®nition, be scale invariant. A relativist would
therefore immediately object to Axiom LH. There are, however, at least two
reasons why a researcher who is interested in relative mobility can still bene®t
from an absolute measure of mobility (which satis®es Axiom LH). First,
comparing the absolute mobility content of a transformation along with its
relative mobility can simply be revealing more information about the
mobility of the process. Consider the processes �1; 2� ! �2; 4� and �10; 20� !
�20; 40�, for instance. While a linearly homogeneous measure of mobility
would indicate that the second transformation exhibits a higher level of (per
capita and/or total) income growth (and this conclusion is hardly disput-
able), a relative measure would rightly indicate that these two processes are
identical with respect to percentage income growth. We thus maintain that
absolute and relative measures may be bene®cially used to complement each
other. (See Fields and Ok, 1996a, for more on this.) Second, a measure of
(absolute) income mobility which satis®es Axiom LH can itself be used to
determine the level of relative mobility in a given process. For instance, the
mobility measure

Pn�x; y� :� Dn�x; y�Pn
k�1 xk

for all x; y 2 Rn
��; n � 1

would be scale invariant as long as Dn satis®es Axiom LH. �Pn can be thought
of as a measure of percentage income mobility.) Consequently, we believe
that studying total absolute income mobility measures could also prove
useful in estimating the relative mobility content of distributional transfor-
mations.

Our next axiom is

AxiomTI: (Translation Invariance) LetDn2 Dn and 1n :� �1; . . . ; 1�2Rn,
n � 1. For all x; y 2 Rn

� and h 2 R such that x� h1n; y � h1n 2 Rn
�,

Dn�x� h1n; y � h1n� � Dn�x; y� :
Axiom TI indicates that, given the amount of mobility found in going

from one distribution to another, if the same amount is added to everybody's
income in both the original and the ®nal distributions, the new situation has
the same mobility as the original one. This axiom guarantees formally that
Dn is an absolute measure of mobility, and is thus related to Kolm's well-
known leftist inequality criterion (cf. Kolm, 1976).

Of course, one may again object to Axiom TI from a relativist angle.
Indeed, while an absolute mobility measure would see equal amount of
mobility in the transformations �2; 2� ! �4; 4� and �100; 100� ! �102; 102�,
for instance, the latter process exhibits far less percentage movement than the
former one. Our defense of Axiom TI is very similar to that of Axiom LH.
Absolute mobility is something altogether di�erent than relative mobility, a
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measure of it simply provides one with further information about the pro-
cesses under study. In the case of the preceding example, for instance, we
simply say that while there is the same level of absolute mobility in both
transformations, there is more relative mobility in the former one. Moreover,
as noted above, one may use a relative index induced by an absolute mobility
measure to estimate relative mobility. For example, if D2 is translation in-
variant, we have P2��2; 2�; �4; 4�� > P2��100; 100�; �102; 102�� as desired. We
conclude then that there is reason to explore the implications of Axioms LH
and TI for income mobility measures.

In passing, we stress that Axioms LH and TI are widely used in the
literature on the theory of economic distances (see, e.g., Ebert, 1984, and
Chakravarty and Dutta, 1987) and on the theory of aggregative compromise
inequality measures (see, e.g., Blackorby and Donaldson, 1978, 1980, Eich-
horn and Gehrig, 1982, and Ebert, 1988). The following is thus well-known.

Lemma 1: D1 2 D1 satis®es Axioms LH and TI if, and only if, for some c > 0,
D1�x; y� � c xÿ yj j for all x; y � 0.

Proof : If D1 2 D1 satis®es Axioms LH and TI, then

D1�x; y� �
D1�xÿ y; 0�; if x � y

D1�y ÿ x; 0�; if x < y

8<: � D1�jxÿ yj; 0� � D1�1; 0�jxÿ yj ;

for any x; y � 0. The lemma readily follows from this observation. (

Our next axiom is fundamental to our present development.

Axiom D: (Decomposability) Let Dn 2 Dn, n � 2. For all x; y 2 Rn
�,

Dn�x; y� � Gn D1�x1; y1�; . . . ;D1�xn; yn�� �
for some symmetric, strictly increasing and continuous Gn : Rn

� ! R�.

Axiom D posits that the level of aggregate income mobility is a strictly
monotonic function of the observed changes in the income levels of all agents
(cf. Cowell, 1985). This function is further assumed to be symmetric to
warrant the impartial treatment of the constituent individuals. Continuity of
it is postulated as a weak regularity condition.

It is important to note that Axiom D forces one to view Dn�:; :� as an
aggregation of the distribution of individual income changes, and hence, it
highlights the fact that our focus is not on the changes in the relative ranks of
the agents.6 It is in this sense our work is conceptually di�erent than those of
Plotnick (1982), King (1983) and Chakravarty (1984).

The following observation is straightforward.

6 For example, let x � �1; 2; 5�; y � �1; 4; 5� and z � �3; 2; 5�. It is easy to see that

D3�x; y� � D3�x; z� for all D3 2 D3 satisfying Axioms TI and D. However, x ! y and x ! z
depict quite di�erent situations with regard to changing ranks of the individuals. See Fields and

Ok (1996) for a further discussion of this point.
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Lemma 2: Let Dn 2 Dn, n � 2, satisfy Axioms LH, TI and D. Then, for all
x; y 2 Rn

�,

Dn�x; y� � cGn x1 ÿ y1j j ; . . . ; xn ÿ ynj j� �
for some symmetric, continuous and linearly homogeneous Gn : Rn

� ! R�
and for some c > 0.

Proof: In view of Lemma 1 and Axiom D, we only need to demonstrate the
linear homogeneity of Gn: Fix n � 2 and let �a1; . . . ; an� 2 Rn

� and k > 0 be
arbitrary. Choose any x; y 2 Rn

� such that xk ÿ ykj j � ak=c, k � 1; . . . ; n. By
Axioms LH and D,

Gn ka1; . . . ; kan� � � Gn kc x1 ÿ y1j j ; . . . ; kc xn ÿ ynj j� �
� Gn c kx1 ÿ ky1j j ; . . . ; c kxn ÿ kynj j� �
� Dn�kx; ky�
� kDn�x; y�
� kGn c x1 ÿ y1j j ; . . . ; c xn ÿ ynj j� �
� kGn�a1; . . . ; an�

and we are done. (

As noted earlier a total mobility measure should not decrease upon the
addition of an individual to the population, and it should be unchanged if
this additional person has not experienced any income change in the period
under study. A slight strengthening of this idea is that, in the context of
groups of varying sizes, ``if equals are added to equals, the results are equal.''
This leads us to posit the following weak independence condition on the
function sequence fDngn�1:

Axiom PC: (Population Consistency) Let fDngn�1 2
Q1

n�1D
n. For all

x; y 2 Rnÿ1
� , z;w 2 Rnÿ2

� and a; b � 0,

Dnÿ1�x; y� � Dnÿ2�z;w� implies Dn��x; a�; �y; b�� � Dnÿ1��z; a�; �w; b�� :
To illustrate this axiom, consider two populations of nÿ 1 and nÿ 2

individuals, respectively. Let x ! y be observed in the ®rst population and
z ! w be observed in the second one. Suppose that the level of income
mobility is somehow judged to be the same in the two situations. Axiom PC
says that if an identical agent (with initial income a � 0 and ®nal income
b � 0� is added in to both situations, then the two should still be judged to
have the same mobility (i.e., �x; a� ! �y; b� should be declared to exhibit the
same level of mobility with �z; a� ! �w; b�). It seems to us that such a
postulate is quite an appealing consistency requirement for total mobility
indices.

That Axiom PC is in fact a separability condition is apparent from the
following observation which will be quite useful when proving the main
result of this section.
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Lemma 3: Let fDngn�1 2
Q1

n�1D
n satisfy Axioms LH, TI, D and PC. Then,

for any x; y 2 Rn
�, n � 3,

Dn�x; y� � cG2 Gnÿ1 x1 ÿ y1j j; . . . ; xnÿ1 ÿ ynÿ1j j� � ; xn ÿ ynj j� �

for some c > 0 and some fGngn�2 which is a sequence of symmetric, positive,
strictly increasing, continuous and linearly homogeneous functions on Rn

�.

Proof: Given Lemmas 1 and 2, this claim is virtually identical to Lemma 7.4
of Fields and Ok (1996); we omit the proof. (

Let us de®ne, for any n � 1, c > 0 and a 2 �1;1�, the function
Da;c

n : Rn
� � Rn

� ! R� as

Da;c
n �x; y� :� c

Xn

k�1
xk ÿ ykj ja

 !1=a

for all x; y 2 Rn
� : �1�

The following theorem is the main result of this section.

Theorem 4: fDngn�1 2
Q1

n�1D
n satis®es Axioms LH, TI, D and PC if, and

only if,

fDngn�1 � fDa;c
n gn�1 for some a 2 �1;1� and c > 0 :

By Theorem 4, we observe that the four axioms discussed above are
su�cient to characterize the following class of income mobility measures:

M :�
[

a2�1;1�

[
c>0

fDa;c
n gn�1

� 	
: �2�

As long as one views Axioms LH, TI, D, PC and GS as compelling, (s)he
needs to use a mobility index of the form fDa;c

n gn�1: We note that, since the
choice of c > 0 would not a�ect the mobility comparisons, the only degree of
freedom is, in fact, in terms of choosing a speci®c a 2 �1;1� (on which more
shortly).

Before giving a proof of Theorem 4, let us mention that a member ofM
which deserves perhaps special attention is fD1;1

n gn�1. This measure is
uniquely characterized by Fields and Ok (1996) and is shown to be additively
decomposable into two components; mobility due to the transfer of income
within a given structure and mobility due to economic growth. We emphasize
that such an exact decomposition (which is likely to be useful in empirical
applications) does not appear in the case of fDa;1

n gn�1 when a > 1.
We conclude this section by providing a

Proof of Theorem 4: That fDa;c
n gn�1 for any c > 0 and a � 1 satis®es the

stated axioms can easily be veri®ed. We, therefore, focus only on the ne-
cessity part of the assertion. Assume that fDngn�1 2

Q1
n�1D

n satis®es Axi-
oms LH, TI, D and PC. Then by Lemma 3 and surjectivity of D3 (guaranteed
by Axiom LH), we have

G3�a1; a2; a3� � G2�G2�a1; a2�; a3� 8 a1; a2; a3 � 0 �3�
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where Gk : Rk
� ! R�, k � 2; 3, are symmetric, strictly increasing, contin-

uous and linearly homogeneous functions. By symmetry and Lemma 3, for
all a1; a2; a3 � 0,

G3�a1; a2; a3� � G3�a2; a3; a1� � G2�G2�a2; a3�; a1� � G2�a1;G2�a2; a3��
and combining this with (3),

G2�G2�a1; a2�; a3� � G2�a1;G2�a2; a3�� 8 a1; a2; a3 � 0 : �4�
This teaches us that G2 satis®es the associativity equation (Aczel (1966),
pp. 253±72). On the other hand, by strict monotonicity of G2, G2�:; a� and
G2�a; :� are injective on R� for any a � 0. We can thus apply the theorem in
Aczel (1966), p. 256, to get

G2�a1; a2� � f � fÿ1�a1� � fÿ1�a2�� 8 a1; a2 � 0 ;

for some strictly increasing and continuous function f : R� ! R�; we
conclude that G2 is quasi-linear (Aczel, 1966, p. 151). Since G2 is also linearly
homogeneous, by Theorem 2.2.1 of Eichhorn (1978, p. 32), we must have
either

G2�a1; a2� � Aar
1a

1ÿr
2 8 a1; a2 > 0 �5�

with A > 0 and r 2 �0; 1�, or
G2�a1; a2� � b1a

a
1 � b2a

a
2

ÿ �1=a 8 a1; a2 > 0 �6�
with b1; b2 > 0 and a 2 Rnf0g. But by Axiom D, G2�0; 0� � 0 so that
fÿ1�0� � fÿ1�G2�0; 0�� � 2fÿ1�0�, i.e., fÿ1�0� � f �0� � 0. This, in turn,
implies that G2�a1; 0� � a1 for all a1 > 0, and hence, (5) cannot hold. But (6)
with a < 0 cannot be true either, for otherwise we could not have G2 con-
tinuous at the origin. Moreover, the symmetry of G2 implies that
b1 � b2 � 1. Finally, notice that if a 2 �0; 1� and G2�a1; a2� � aa

1 � aa
2

ÿ �1=a
for

all a1; a2 � 0, then Axiom D would imply that D2 is not a distance function.
Therefore, we must have

G2�a1; a2� � aa
1 � aa

2

ÿ �1=a 8 a1; a2 > 0

where a 2 �1;1�.
The proof is completed by induction on n. Assume that

Gh�a1; . . . ; ah� �
Xh

k�1
aa

k

 !1=a

8 a1; . . . ; ah � 0 ;

where a 2 �1;1� and h 2 f2; 3; . . .g. We have, by Lemma 3, the induction
hypothesis, and the characterization of G2,

Gh�1�a1; . . . ; ah�1� � G2�Gh�a1; . . . ; ah�; ah�1�

� G2

Xh

k�1
aa

k

 !1=a

; ah�1

0@ 1A � Xh�1
j�1

aa
k

 !1=a
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for any a1; . . . ; ak�1 � 0. Hence, using Axiom D and Lemma 1, we may
conclude that, for any n � 1,

Dn�x; y� � c
Xn

k�1
xk ÿ ykj ja

 !1=a

for all x; y 2 Rn
�

for some a 2 �1;1� and c > 0. The proof is complete. (

3 An income mobility ordering

In the previous section we have proposed M (see (2)) as a class of ``rea-
sonable'' absolute income mobility measures. Consequently, given x ! y
and z ! w; where x; y; z;w 2 Rn

�, one who believes in Axioms LH, TI, D
and PC must conclude that x ! y is a ``more mobile'' process than z ! w
whenever

Da;c
n �x; y� � Da;c

n �z;w�
for a certain choice of fDa;c

n gn�1 2M, or equivalently, wheneverXn

k�1
xk ÿ ykj ja�

Xn

k�1
zk ÿ wkj ja �7�

for a certain choice of a 2 �1;1�. But what could be the rationale for
choosing one a value over another in practical applications? It is indeed quite
di�cult (if at all possible) to uncover the value judgement implied by a
speci®c choice of a � 1 to be used in (7). Since Theorem 4 is a full charac-
terization, our axioms are certainly not of help with respect to this di�culty.

The problem is very similar to that of choosing a particular inequality
index to evaluate the inequality of income distributions. The choice is quite
consequential; it is well known that di�erent inequality measures might result
in drastically di�erent rankings (see Champernowne, 1974; Kondor, 1975;
Blackorby and Donaldson, 1978; Braun, 1988; inter alia.) Nevertheless, there
is at least one way of making unambiguous inequality evaluations; if an
income distribution Lorenz dominates another, then (and only then) we
know that all (symmetric) relative inequality measures which satisfy Dalton's
principle of equalizing transfers agree that the former distribution is less
unequal than the latter.7 Therefore, in making inequality comparisons, one
should ®rst check if the Lorenz dominance applies, and only if it does not,
one should use a speci®c inequality measure. This indeed appears to be the
actual practice.

We can, in fact, construct a similar device to make unambiguous income
mobility comparisons in the present framework. Let us de®ne the following
binary relation on R2n

� : for all x; y; z;w 2 Rn
�, n � 1,

7 This is undoubtedly a benchmark result in the theory of income inequality measurement. For

extensive discussions, we refer the reader to Dasgupta et al. (1973), Sen (1973), Fields and Fei

(1978), Foster (1985) and Jenkins (1991) among others.
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�x; y�¨
M
�z;w� if and only if Da;c

n �x; y� � Da;c
n �z;w� for all fDa;c

n gn�1 2M;

or equivalently,

�x; y�¨
M
�z;w� if and only if

Xn

k�1
xk ÿ ykj ja�

Xn

k�1
zk ÿ wkj ja for all a 2�1;1� :

We de®ne �
M
as the asymmetric factor of ¨

M
as usual.8

The strengths and weaknesses of ¨
M
are very similar to the celebrated

Lorenz ordering. Whenever it lets us order x ! y and z ! w, the conclusion
is agreed by all income mobility measures (de®ned as distance functions) that
satisfy Axioms LH, TI, D, and PC. Therefore, when ¨

M
applies, the choice

of a in (7) is immaterial; for all a 2 �1;1�, we shall obtain the same mobility
ranking. Just like the Lorenz ordering, on the other hand, the drawback of
¨

M
clearly lies in its incompleteness.
Some basic properties of our absolute mobility ordering are readily ob-

served: ¨
M
is re¯exive, transitive and incomplete, it is therefore an incom-

plete preorder. Given n � 1; the set of least elements of R2n
� with respect to

¨
M
is f�x; x� : x 2 Rn

�g. That is, x ! y exhibits the least mobility with res-
pect to ¨

M
if, and only if, each individual's income remains unchanged

during the process; a highly intuitive conclusion. On the other extreme, one
can easily see that the set of greatest elements of R2n

� with respect to ¨
M
is

the empty set. Since our notion of income mobility is sensitive to income
growth, we view this implication too as reasonable.

In passing, we stress that de®ning our mobility ordering only for popu-
lations of the same size is, in fact, without loss of generality. Indeed, we could
equivalently work with a mobility ordering induced by the per capita version
of the class characterized in Theorem 4. To see this more clearly, let us take
the class

M� :�
[

a2�1;1�

[
c>0

Da;c
n

n

� �
n�1

( )

and de®ne the ordering ¨�
M
on [k�1R2k

� as

�x; y�¨
M
�z;w� if and only if Ma;c

n �x; y� � Ma;c
m �z;w� for all fMa;c

n gn�1 2M�

for all x; y 2 Rn
� and z;w 2 Rm

�, n;m � 1. Clearly, ¨�
M
is the per capita

version of ¨
M
and is also axiomatically induced by Theorem 4. It is then this

ordering that one would use to compare the mobility levels of two distri-
butional transformations of di�erent population sizes. Yet ¨�

M
is actually

fully characterized by ¨
M
. Indeed, where �a�r denotes the r-fold replication of

an object a, we have

8 Our de®nition, of course, speci®es rather a sequence of binary relations f¨n
M
gn�1 where

¨n
M
� R2n

� � R2n
� ; n � 1. For brevity, we denote here ¨n

M
by ¨

M
for any n � 1.
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�x; y�¨�
M
�z;w� , Ma;c

nm ��x�m; �y�m� � Ma;c
nm ��z�n; �w�n� for all fMa;c

n gn�1 2M�

, Da;c
nm��x�m; �y�m� � Da;c

nm��z�n; �w�n� for all fDa;c
n gn�1 2M

, ��x�m; �y�m�¨M
��z�n; �w�n�

for all x; y 2 Rn
� and z;w 2 Rm

�; n;m � 1. It must now be clear that conve-
nience is the only reason why we con®ne our attention to comparing the
income mobilities of populations of the same size.

4 Superrelations of ¨
M

Given the development of Sections 2 and 3, ¨
M
emerges as an interesting

mobility ordering. The problem, of course, is that there is no way to check at
the moment whether it orders a given �x; y� and �z;w� except in some trivial
cases �like z � w�. In this section, we shall develop some criteria to aid us
determine when ¨

M
is actually not applicable. The converse question is taken

up in the next section.
Let us start by introducing some notation. For any x; y 2 Rn

�, n � 1,
de®ne

4�x; y� :� xr�1� ÿ yr�1�
�� ��; . . . ; xr�n� ÿ yr�n�

�� ��ÿ �
where r�:� is a permutation on f1; . . . ; ng such that

xr�1� ÿ yr�1�
�� �� � � � � � xr�n� ÿ yr�n�

�� �� ;
and let

4k�x; y� :� xr�k� ÿ yr�k�
�� �� for all k 2 f1; . . . ; ng :

In words, given x ! y, 4�x; y� represents the vector of personal income
changes which are ordered from largest to smallest, and 4k�x; y� denotes the
kth largest amount of individual income change. We also de®ne, for all
x; y; z;w 2 Rn

�, n � 1,

Ah�z;w; x; y� :�
Xh

k�1
4k�z;w� ÿ 4k�x; y�� � for all h 2 f1; . . . ; ng : �8�

The following proposition gives some trivial necessary conditions for ¨
M

to be applicable, thereby teaching us something about the extent of incom-
pleteness of this mobility ordering.

Proposition 5: Let x; y; z;w 2 Rn
�, n � 1. If �x; y�¨

M
�z;w�, then we must have

A1�z;w; x; y� � 0 and An�z;w; x; y� � 0 : �9�
Proof: Fix n � 1 and let �x; y�¨

M
�z;w�, x; y; z;w 2 Rn

�. Then, by de®nition,Xn

k�1
�4k�z;w��a ÿ �4k�x; y��a� � � 0 8 a 2 �1;1� : �10�

The ®rst statement in (9) follows from letting a ! 1 in this expression. The
second statement is immediate upon setting a � 1. (
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Example: Let n � 3, x � �3; 5; 8�, y � �8; 15; 6�, z � �2; 10; 4� and w �
�8; 4; 10�. Suppose that x ! y and z ! w. Can we compare �x; y� and �z;w�
by ¨

M
? Notice that we have 4�x; y� � �10; 5; 2� and 4�z;w� � �6; 6; 6� so

that A1�z;w; x; y� � ÿ4 and A3�x; y; z;w� � 1. Therefore, in view of Propo-
sition 5, �x; y� and �z;w� cannot be ranked by ¨

M
.

A third necessary condition for ¨
M
to apply (that is, for (10) to hold) is

somewhat less obvious, but provides a key insight which we shall exploit in
the next section to develop appropriate su�cient conditions. To formulate
this condition we need the following notation: For any x; y 2 Rn

�; n � 1,

4k;k�1�x; y� :� 4k�x; y� ÿ 4k�1�x; y� for all k 2 f1; . . . ; nÿ 1g :
Notice that, by de®nition of 4�x; y�, 4k;k�1�x; y� � 0 for all
k 2 f1; . . . ; nÿ 1g.
Proposition 6: Let x; y; z;w 2 Rn

�, n � 1. If �x; y�¨
M
�z;w�, then we must haveXnÿ1

k�1
Ak�z;w; x; y�4k;k�1�x; y� � An�z;w; x; y�4n�x; y� � 0 : �11�

Proof: Fix n � 1 and x; y; z;w 2 Rn
� such that �x; y�¨M

�z;w�. By de®nition,
(10) holds. Let

ak :� 4k�x; y�; bk :� 4k�z;w� and Ah :� Ah�z;w; x; y� �
Xh

k�1
bk ÿ ak� �

for all k; h 2 f1; . . . ; ng. By hypothesis, we have
Pn

k�1 ba
k ÿ aa

k

ÿ � � 0 for all
a � 1; in particular,

Pn
k�1 b2k ÿ a2k
ÿ � � 0. By convexity of the mapping t 7! t2,

we have b2k ÿ a2k � 2ak�bk ÿ ak� for all k 2 f1; . . . ; ng. Therefore,Xn

k�1
ak�bk ÿ ak� � 1

2

� �Xn

k�1
b2k ÿ a2k
ÿ � � 0 :

But, by Abel's partial summation formula,Xn

k�1
ak�bk ÿ ak� � A1�a1 ÿ a2� � � � � � Anÿ1�anÿ1 ÿ an� � Anan

and (11) follows immediately. (

Example: Let n � 3, x � �3; 5; 8�, y � �13; 8; 1�, z � �2; 10; 4� and
w � �11; 19; 6�. Suppose that x ! y and z ! w. Can we compare �x; y� and
�z;w� by ¨

M
? Here we have 4�x; y� � �10; 7; 3� and 4�z;w� � �9; 9; 2� so

that (9) holds (and thus Proposition 5 is of no help). However, A1�z;w; x; y�
41;2�x; y� � A2�z;w; x; y�42;3�x; y� � A3�z;w; x; y�43�x; y� � �ÿ1�3� 4 � 1:
Therefore, by Proposition 6, �x; y� and �z;w� cannot be ranked by ¨

M
.

5 Subrelations of ¨
M

In this section we shall develop several sets of su�cient conditions for (10) to
hold for all x; y; z;w 2 Rn

�. Since none of these conditions make a reference to
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a, they may prove helpful in obtaining de®nitive conclusions when making
absolute mobility comparisons by using ¨

M
:

Our ®rst theorem is readily deduced from the theory of majorization.

Theorem 7: For any x; y; z;w 2 Rn
�; n � 1, if

Xh

k�1
4k�x; y� �

Xh

k�1
4k�z;w� for all h 2 f1; . . . ; ng ; �12�

then �x; y�¨
M
�z;w�.

Proof: The hypothesis of the theorem is equivalent to saying that 4�x; y�
weakly submajorizes 4�z;w�. Therefore, by the TomicÂ -Weil submajorization
theorem (see, for instance, Marshall and Olkin, 1979, Proposition 4.B.2,
p. 109), we have

Pn
k�1 g�4k�x; y�� �

Pn
k�1 g�4k�z;w�� for all continuous, in-

creasing and convex functions g : Rn
� ! R. But t 7! ta de®nes a continuous,

increasing and convex function on R� for all a � 1. Therefore, for all a � 1,Xn

k�1
xk ÿ ykj ja�

Xn

k�1
4k�x; y�� �a�

Xn

k�1
4k�z;w�� �a�

Xn

k�1
zk ÿ wkj ja

and the theorem follows. (

Example: Let n � 3, x � �3; 5; 9�, y � �13; 8; 1�, z � �2; 10; 4� and w �
�11; 19; 6�. Suppose that x ! y and z ! w. Can we compare �x; y� and �z;w�
by ¨

M
? Here we have 4�x; y� � �10; 8; 3� and 4�z;w� � �9; 9; 2�. Since

4�x; y� clearly submajorizes 4�z;w� (recall (12)), by Theorem 7, we conclude
that �x; y�¨

M
�z;w�.

As this example illustrates, submajorization relation provides a very easy
way of applying our mobility ordering ¨

M
. In fact, from Theorem 7 we learn

that the incompleteness of ¨
M
is not that severe; it follows from this result

that ¨
M
is not ``more incomplete'' than the submajorization ordering. But

the submajorization relation is the dual of the supermajorization relation
which is better known as the second order stochastic dominance or as the
generalized Lorenz ordering in the economics literature. Thus, Theorem 7
teaches us that ¨

M
is not ``more incomplete'' than the generalized Lorenz

ordering which is found to be very useful both in theory and practice (cf.
Shorrocks, 1983).

In what follows, we shall state three theorems (all proved in the Ap-
pendix) which are ascending in strength. Put di�erently, in our next theorem,
we will formulate a set of su�cient conditions (which are not implied by
those of Theorem 7) for (10) to apply; and then in the consecutive result we
shall show the su�ciency of a weaker set of conditions and so on. We hope
that such a presentation will help clarify the intuition behind our ®nal and
the weakest set of su�ciency conditions, and may further illustrate how large
(and useful) a subrelation of ¨

M
(which does not depend on a) we are

presently able to uncover.
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Before proceeding to formulate our su�ciency theorems, we need to in-
troduce the following notation: For any x; y; z;w 2 Rn

�; n � 1, we write

P�z;w; x; y� :� fk 2 f1; . . . ; ng : Ak�z;w; x; y� > 0g
and de®ne, for all k 2 f1; . . . ; nÿ 1g;

Bk�z;w; x; y� :�
Ak�z;w; x; y� 41�z;w�

4k�1�z;w� ; if Ak�z;w; x; y� > 0

Ak�z;w; x; y�; if Ak�z;w; x; y� � 0 .

8<: �13�

Here is our ®rst result which complements Theorem 7.

Theorem 8: For any x; y; z;w 2 Rn
�, n � 1, such that 4n�z;w� > 0, if, for

some ` 2 f1; . . . ; ng,
Ak�z;w; x; y� � 0 for all k 2 f1; . . . ; `g ; �14�

An�z;w; x; y� � 0 ; �15�
andX̀

k�1
Bk�z;w; x; y�4k;k�1�z;w� �

X
k2P�z;w;x;y�

Bk�z;w; x; y�4k;k�1�z;w� � 0 ; �16�

then �x; y�¨
M
�z;w�.

Notice that if (12) holds and 4n�z;w� > 0, then P�z;w; x; y� � ;, and
hence all the conditions of Theorem 8 are clearly satis®ed. Thus, the only
reason why this result is not a strict re®nement of Theorem 7 is due to the
hypothesis 4n�z;w� > 0.

The following example shows that Theorem 8 tells us something that
Theorem 7 did not.

Example: Let n � 3; x � �3; 5; 9�, y � �17; 8:5; 12�, z � �2; 10; 4� and w �
�14; 12:25; 10�. Suppose that x ! y and z ! w. Here we have 4�x; y� �
�14; 3:5; 3� and 4�z;w� � �12; 6; 2:25� so that, letting Ak � Ak�z;w; x; y�,
k 2 f1; 2; 3g, A1 � ÿ2, A2 � 0:5 and A3 � ÿ0:25; Theorem 7 does not apply.
Yet B1 � A1 and B2 � 0:5�12=2:25� � 2:�6 so that

B141;2�z;w� � B242;3�z;w� � �ÿ2�6� �2:�6��3:75� � ÿ2:25 ;

that is, (16) holds and, by virtue of Theorem 8, we conclude that
�x; y�¨

M
�z;w�.

To pave our way towards a stronger result, let us now look at condition
(16) a bit more closely. Fix any x; y; z;w 2 Rn

� such that 4n�z;w� > 0, and
(14) and (15) hold. Our analysis is based on the entries of the following vector

v � �B141;2�z;w�;B242;3�z;w�; . . . ; Bnÿ14nÿ1;n�z;w��
(where, of course, Bk � Bk�z;w; x; y�; k 2 f1; . . . ; nÿ 1g�. Let us assume that
B`�1 > 0 and recall that, by hypothesis, the ®rst ` entries of this vector are
negative. Condition (16) makes use of precisely these negative elements to
outweigh the sum of all the positive entries of v: We might then be able to
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improve upon (16) by allowing all the negative elements of v to play a
signi®cant role in the su�cient condition. One way of doing this will be
demonstrated in our next result.

Another shortcoming of Theorem 8 is that the precedent 4n�z;w� > 0 is
too stringent a hypothesis, for it is plausible that an individual's income level
may stay the same in the transformation z ! w. (Recall that 4n�z;w� is the
amount of the income change of the person who experiences the minimum
degree of income change.) In our following result, this hypothesis too will be
relaxed.

Before stating the next theorem, we de®ne, for all z;w 2 Rn
� such z 6� w,

q�z;w� :� maxfk 2 f1; . . . ; ng : 4k�z;w� > 0g; if 4n�z;w� � 0
n; if 4n�z;w� > 0 .

�
That is,4q�z;w��z;w� is the smallest non-zero individual income change that is
observed in the process z ! w.

The following strengthening of Theorem 8 is true:

Theorem 9: Let n � 1 and take any x; y; z;w 2 Rn
� such that z 6� w. If

Aq�z;w��z;w; x; y� � 0 ; �17�
andXs

k�1
Bk�z;w; x; y�4k;k�1�z;w� � 0 for all s 2 f1; . . . ; q�z;w� ÿ 1g ; �18�

then �x; y�¨
M
�z;w�.

That Theorem 9 is indeed a generalization of Theorem 8 is shown next.

Example: Let n � 5, x � �3; 5; 9; 10; 8�, y � �5:5; 7:5; 2; 17; 36�, z �
�2; 10; 4; 8; 13� and w � �13; 35; 0; 10; 18�. Suppose that x ! y and z ! w.
Here we have 4�x; y� � �28; 7; 7; 2:5; 2:5� and 4�z;w� � �25; 11; 5; 4; 2� so
that A1 � ÿ3, A2 � 1, A3 � ÿ1, A4 � 0:5 and A5 � 0. That Theorem 7 does
not apply is obvious. Also, B1 � ÿ3, B2 � 5, B3 � ÿ1 and
B4 � 0:5�25=2� � 6:25 so that

B141;2�z;w� � B242;3�z;w� � B444;5�z;w�
� �ÿ3�14� 5�6� � �6:25��2� � 0:5 :

Thus, (16) does not hold, and we cannot make use of Theorem 8 either.
However, we ®nd here that q�z;w� � 5 and that

B141;2�z;w� � ÿ42
B141;2�z;w� � B242;3�z;w� � ÿ12
B141;2�z;w� � B242;3�z;w� � B343;4�z;w� � ÿ13
B141;2�z;w� � B242;3�z;w� � B343;4�z;w� � B444;5�z;w� � ÿ0:5 ;

that is, (17) and (18) hold. Therefore, by Theorem 9, we conclude that
�x; y�¨

M
�z;w�.
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In our ®nal result, we shall formulate a re®nement of Theorem 8 in the
hope of increasing the applicability of our income mobility ordering ¨

M
. The

basic idea behind the re®nement comes from the observation that while (18)
uses all the negative entries of the vector v to outweighP

k2P�z;w;x;y� Bk4k;k�1�z;w�, we are, by virtue of (17), endowed with a further
negative term: Bq�z;w� � 0. Given (17), one might then be able to exploit the
magnitude of Bq�z;w� to ensure that a smaller positive number replacesP

k2P�z;w;x;y� Bk4k;k�1�z;w� in the su�ciency condition (18). This idea is for-
malized next.

Once again we need to introduce some notation before stating the theo-
rem. Let us de®ne, for any x; y; z;w 2 Rn

� such that z 6� w;

g :�
1ÿ Aqj jDn�z;w�P

k2P
k�qÿ1

AkDk;k�1�z;w� ; if
P
k2P
k�qÿ1

AkDk;k�1�z;w� � AqDq�z;w� > 0

0; otherwise

8><>:
where Ak :� Ak�z;w; x; y� for all k 2 f1; . . . ; nÿ 1g, q � q�z;w� and P �
P�z;w; x; y�. (Of course, g is a function of x; y; z and w, but for expositional
clarity we do not use a notation which makes this explicit.) We also de®ne,
for any x; y; z;w 2 Rn

�,

Ck�z;w; x; y� :� Ak�z;w; x; y� D1�z;w�
Dk�1�z;w�
� �g

; if Ak�z;w; x; y� > 0

Ak�z;w; x; y�; if Ak�z;w; x; y� � 0 .

(
We can now state

Theorem 10: Let x; y; z;w 2 Rn
�, n � 1, and z 6� w. If

Aq�z;w��z;w; x; y� � 0 ;

andXs

k�1
Ck�z;w; x; y�4k;k�1�z;w� � 0 for all s 2 f1; . . . ; q�z;w� ÿ 1g ; �19�

then �x; y�¨
M
�z;w�.

Notice that by de®nition, 0 � g � 1 for any x; y; z;w 2 Rn
�: Therefore, for

all k 2 f1; . . . nÿ 1g, we have
Bk�z;w; x; y� � Ck�z;w; x; y� � Ak�z;w; x; y� :

It is in this sense Theorem 10 is a generalization of Theorem 9. Here is a
concrete example which highlights the contribution of Theorem 10 over
Theorems 7, 8 and 9.

Example: Let n � 3; x � �3; 5; 9�, y � �54; 13; 16�; z � �2; 10; 4� and
w � �52; 20; 2�. Suppose that x ! y and z ! w. Here we have
4�x; y� � �51; 8; 7� and 4�z;w� � �50; 10; 2� so that Theorem 7 does not
apply. Also, q�z;w� � 3; A1 � ÿ1 and A2 � 1 so that B1 � ÿ1 and B2 � 25
and
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B141;2�z;w� � B242;3�z;w� � �ÿ1��40� � 25�8� � 160 :

One observes that neither Theorem 8 nor Theorem 9 can be used to make a
mobility comparison between the processes x! y and z! w: Yet A3 � ÿ4
and

A242;3�z;w� � A343�z;w� � 8ÿ �4�2 � 0

so that g � 0. Therefore, C1 � A1 � ÿ1 and C2 � A2 � 1, and

C141;2�z;w� � C242;3�z;w� � �ÿ1��40� � 8 � ÿ32 :

But then (17) and (19) are satis®ed, and by Theorem 10, we can conclude that
�x; y�¨

M
�z;w�.

The above results, therefore, provide us with di�erent sets of conditions
which are computationally easy to check and which guarantee the satisfac-
tion of (10) for any x; y; z;w 2 Rn

�, n � 1. Since we have demonstrated in
Sections 2 and 3 that there is ample reason to conclude that x! y is a more
mobile process than z! w when (10) holds (i.e. when �x; y�¨

M
�z;w��, we

believe that these results may prove quite useful in empirical applications.

6 Conclusion

In this paper, we have explored the implications of four axioms for absolute
income mobility measures. We then showed that a structurally familiar class
of measures is characterized by these axioms. Consequently, de®ning the
following partial mobility ordering (of transformations of income distribu-
tions) is natural: a given transformation is ``more mobile'' than another if,
and only if, the former is ranked higher than the latter for all mobility
measures belonging to the characterized class.

The intuitive support of the proposed mobility ordering, ¨
M
, is similar to

that of the Lorenz ordering. Whenever a transformation is ranked higher by
this ordering than another, there is a clear sense in which one may conclude
that the former process is unambiguously more mobile than the latter.

Due to its continuous dependence on a parameter, however, it was not
readily apparent how one can apply our mobility ordering to panel data
directly. The second part of our research was, therefore, directed towards
overcoming this di�culty. As a result, we have obtained several sets of
necessary and su�cient conditions which are very easy to check and which let
one apply ¨

M
to certain longitudinal data sets. Regarding the empirical

applications, one would, of course, like to obtain a complete characterization
of the proposed mobility ordering without making any reference to a pa-
rameter value. The present study admittedly falls short of reaching such a
characterization result. Naturally, this will be the subject of future research.

7 Appendix: Proofs of Theorems 8, 9, and 10

Throughout this appendix, we shall simplify our notation by writing
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ak :� Dk�x; y�; bk :� Dk�z;w�; P :� P�z;w; x; y�; q :� q�z;w� ;

Ah :�Ah�z;w; x; y��
Xh

k�1
bk ÿ ak� �; Bk :� Bk�z;w; x; y�� Ak

b1
bk�1

; if Ak > 0

Ak; if Ak � 0 :

�
and

Ck :� Ck�z;w; x; y� � Ak
b1

bk�1

� �g
; if Ak > 0

Ak; if Ak � 0

(
for all k; h 2 f1; . . . ; ng, for any given x; y; z;w 2 Rn

�, n � 1. The following
lemma will be used in all three of the subsequent proofs.

Lemma 11: For any x; y; z;w 2 Rn
�, n � 1, ifXqÿ1

k�1
Ak�baÿ1

k ÿ baÿ1
k�1� � Aqbaÿ1

q � 0 for all a 2 �1;1� �20�

then, �x; y�¨
M
�z;w�.

Proof: By Abel's partial summation formula, for all a 2 �1;1�,Xn

k�1
baÿ1

k �bk ÿ ak� �
Xqÿ1
k�1

Ak�baÿ1
k ÿ baÿ1

k�1� � Aqbaÿ1
q : �21�

But since t 7! ta is a convex mapping on R� for all a � 1, we have
ba

k ÿ aa
k � abaÿ1

k �bk ÿ ak� for all a 2 �1;1�. Therefore, by summing over k
and combining the outcome with (21), we haveXn

k�1
�ba

k ÿ aa
k� � a

Xqÿ1
k�1

Ak�baÿ1
k ÿ baÿ1

k�1� � Aqbaÿ1
q

 !
and this proves the lemma. (

We now proceed to prove Theorems 8, 9 and 10.

Proof of Theorem 8: Fix n � 1; ` 2 f1; . . . ; ng and x; y; z;w 2 Rn
� such that

q � n, and (14), (15) and (16) hold. We wish to show that these hypotheses
imply (20) (with q � n�, for we will then be done by Lemma 11. We distin-
guish between two cases.

Case 1: a 2 �1; 2�:
In this case, t 7! taÿ1 is a concave mapping on R�, and hence, for
k 2 f`� 1; . . . ; nÿ 1g;

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1�baÿ2
k�1 bk ÿ bk�1� � � �aÿ 1� b1

bk�1

� �2ÿa

baÿ2
1 bk ÿ bk�1� � ;

and since b1 � bk�1 for all k 2 f`; . . . ; nÿ 1g and a 2 �1; 2�; we conclude that

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1� b1
bk�1

� �
baÿ2
1 bk ÿ bk�1� � 8 k 2 f`� 1; . . . ; nÿ 1g : �22�
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(Since bn > 0 by hypothesis, these inequalities are well-de®ned.) Also by
concavity of t 7! taÿ1;

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1�baÿ2
k bk ÿ bk�1� � 8 k 2 f1; . . . ; `g : �23�

But then, since Ak � 0 for all k 62 P; A1; . . . ;A`; B1; . . . ;B` � 0; and
�bk=b1�aÿ2 � 1 for each k 2 f1; . . . ; `g; (23), (22) and (16) imply that

1

b1

� �aÿ2 Xnÿ1
k�1

Ak�baÿ1
k ÿ baÿ1

k�1�
 !

� �aÿ 1�
X̀
k�1

Ak
bk

b1

� �aÿ2
�bk ÿ bk�1� � �aÿ 1�

X
k2P

Ak
b1

bk�1

� �
�bk ÿ bk�1�

� �aÿ 1�
X̀
k�1

Bk�bk ÿ bk�1� � �aÿ 1�
X
k2P

Bk�bk ÿ bk�1� � 0 :

Since An � 0 by (15), we conclude that (20) holds.

Case 2: a 2 �2;1�:
In this case, t 7! taÿ1 de®nes a convex function on R�, and therefore, for

any k 2 f1; . . . ; nÿ 1g;
baÿ1

k ÿ baÿ1
k�1 � �aÿ 1�baÿ2

k bk ÿ bk�1� � :

But, by de®nition, b`�1 � bk > 0 for each k 2 f`� 1; . . . ; nÿ 1g; and there-
fore,

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1�baÿ2
`�1 bk ÿ bk�1� � 8 k 2 f`� 1; . . . ; nÿ 1g : �24�

Also, again by convexity of t 7! taÿ1 on R�;

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1�baÿ2
k�1 bk ÿ bk�1� � 8 k 2 f1; . . . ; `g : �25�

But then, since Bk � Ak for all k 2 f1; . . . ; nÿ 1g; Ak � 0 for all k =2P;
A1; . . . ;A`; B1; . . . ;B` � 0; and �bk�1=b`�1�aÿ2 � 1 for each k 2 f1; . . . ; `g;
(25), (24) and (16) imply that

1

b`�1

� �aÿ2 Xnÿ1
k�1

Ak�baÿ1
k ÿ baÿ1

k�1�
 !

� �aÿ 1�
X̀
k�1

Bk
bk�1
b`�1

� �aÿ2
�bk ÿ bk�1� � �aÿ 1�

X
k2P

Bk�bk ÿ bk�1�

� �aÿ 1�
X̀
k�1

Bk�bk ÿ bk�1� � �aÿ 1�
X
k2P

Bk�bk ÿ bk�1� � 0 :

Since An � 0 by (15), (20) follows. (
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Proof of Theorem 9: Fix n � 1; and take any x; y; z;w 2 Rn
� such that z 6� w

(i.e. q � 1�; and (17) and (18) hold. We shall show that these hypotheses
imply (20) again by distinguishing between two cases.

Case 1: a 2 �1; 2�:
De®ne

N :� fk 2 f1; . . . ; nÿ 1g : Ak < 0g ;
and notice that, by concavity of the mapping t 7! taÿ1 on R� and the fact that
b1=bk�1 � 1 for all k; we have

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1� b1
bk�1

� �
baÿ2
1 bk ÿ bk�1� � 8 k 2 P \ f1; . . . ; qÿ 1g

and

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1�baÿ2
1 bk ÿ bk�1� � 8 k 2N :

The rest of the proof is analogous to the corresponding case of the proof of
Theorem 8.

Case 2: a 2 �2;1�:
By using the convexity of t 7! taÿ1 on R�; we have

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1�baÿ2
k bk ÿ bk�1� � 8 k 2 P

and

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1�baÿ2
k�1 bk ÿ bk�1� � 8 k 2N:

Therefore, de®ning

ck :� baÿ2
k ; if k 2 P

baÿ2
k�1; if k 2N ,

�
we haveXnÿ1
k�1

Ak�baÿ1
k ÿ baÿ1

k�1� � �aÿ 1�
X
k2N

Akbaÿ2
k�1�bkÿbk�1� �

X
k2P

Akbaÿ2
k �bkÿbk�1�

 !

� �aÿ 1�
Xqÿ1
k�1

ckAk�bk ÿ bk�1�

�
Xqÿ1
k�1
�aÿ 1�ckBk�bk ÿ bk�1� �26�

(The last inequality follows from the fact that Bk � Ak for all
k 2 f1; . . . ; qÿ 1g:� Now let

T :� max
s2f1;...;qÿ1g

Xs

k�1
�aÿ 1�Bk�bk ÿ bk�1� :
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Since one can easily verify that c1 � � � � � cqÿ1 > 0, we can apply Abel's
inequality9 and conclude thatXqÿ1

k�1
�aÿ 1�ckBk�bk ÿ bk�1� � Tc1 :

But by (18), T � 0 and hence, in view of (26) and (17), (20) is established. (

Proof of Theorem 10: Fix n � 1; and take any x; y; z;w 2 Rn
� such that z 6� w

(i.e. b1 > 0�; and (17) and (19) hold. Once again we wish to show that these
hypotheses imply (20). If a 2 �2;1�;the analysis of case 2 of the proof of
Theorem 9 goes through by replacing Bks by Cks. (Recall that Ck � Ak for all
k 2 f1; . . . ; nÿ 1g:� So let us assume that a 2 �1; 2�:

As in case 1 of the proof of Theorem 8,

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1� b1
bk�1

� �2ÿa

baÿ2
1 bk ÿ bk�1� � 8 k 2 P \ f1; . . . ; qÿ 1g ;

and

baÿ1
k ÿ baÿ1

k�1 � �aÿ 1�baÿ2
k bk ÿ bk�1� � 8 k 2N :

Therefore,

1

b1

� �aÿ2 Xnÿ1
k�1

Ak�baÿ1
k ÿ baÿ1

k�1� � Anbaÿ1
n

 !

� 1

b1

� �aÿ2 Xqÿ1
k�1

Ak�baÿ1
k ÿ baÿ1

k�1� � Aqbaÿ1
q

 !

� �aÿ 1�
X
k2N
k�qÿ1

Ak
bk

b1

� �aÿ2
�bk ÿ bk�1� �

X
k2P
k�qÿ1

Ak
b1

bk�1

� �2ÿa

�bk ÿ bk�1�

0B@
1CA

� Aqbq
b1
bq

� �2ÿa

� �aÿ 1�
X
k2N
k�qÿ1

Ak�bk ÿ bk�1� �
X
k2P
k�qÿ1

Ak
b1

bk�1

� �2ÿa

�bk ÿ bk�1�

0B@
1CA

� Aqbq
b1
bq

� �2ÿa

�27�

9 Abel's Inequality: For any real numbers u1; . . . ; um and v1; _s; vm such that v1 � � � � � vm � 0,

min
s2f1;...;mg

Xs

k�1
uk

 !
v1 �

Xm

k�1
ukvk � max

s2f1;...;mg

Xs

k�1
uk

 !
v1 :

Proof: See MitrinovicÂ (1970, p. 32, Theorem 2.2.1).
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(The last step follows from the fact that Ak � 0 and bk
b1

� �aÿ2� 1 for a 2 �1; 2�
and all k 2N:� Notice that if

�aÿ 1�
X
k2P

k�qÿ1

Ak�bk ÿ bk�1� � Anbn � 0 ;

in view of (27) and the fact that �b1=bk�1� � �b1=bn� for all k 2 f2; . . . ; qÿ 1g;
we observe that (20) is satis®ed. So assume that

�aÿ 1�
X
k2P
k�qÿ1

Ak�bk ÿ bk�1� � Anbn > 0 �28�

Then, recalling that Aq � 0 by (17);

aÿ 1 >
Anj jbnP

k2P
k�qÿ1

Ak�bk ÿ bk�1� : �29�

But by (28) and the hypothesis that a 2 �1; 2�; we must haveP
k2P
k�qÿ1

Ak�bk ÿ bk�1� � Aqbq > 0 which implies that

g � 1ÿ Aq

�� ��bqP
k2P
k�qÿ1

Ak�bk ÿ bk�1� :

Therefore, by (29), aÿ 1 > 1ÿ g: But then 2ÿ a < g and this yields

b1
bk�1

� �2ÿa

� b1
bk�1

� �g

8 k 2 P \ f1; . . . ; qÿ 1g :

Thus, using (27) and discarding the term involving Aq; we get

1

b1

� �aÿ2 Xnÿ1
k�1

Ak�baÿ1
k ÿ baÿ1

k�1� � Anbaÿ1
n

 !

� �aÿ 1�
X
k2N
k�qÿ1

Ak�bk ÿ bk�1� � �aÿ 1�
X
k2P
k�qÿ1

Ak
b1

bk�1

� �2ÿa

�bk ÿ bk�1�

� �aÿ 1�
X
k2N
k�qÿ1

Ak�bk ÿ bk�1� � �aÿ 1�
X
k2P
k�qÿ1

Ak
b1

bk�1

� �g

�bk ÿ bk�1�

� �aÿ 1�
Xqÿ1
k�1

Ck�bk ÿ bk�1�

Therefore, by (19), (20) is satis®ed and, in view of Lemma 11, the proof is
complete. (
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